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Abstract 

We study realizations of the exceptional non-linear (quadratically generated, or W- 
type) N = 8 and N = 7 superconformal algebras with Spin(7) and G7 2 affine symmetry 
currents, respectively. Both the N = 8 and N = 7 algebras admit unitary highest- 
weight representations in terms of a single boson and free fermions in 8 of Spin(7) and 
7 of G2, with the central charges c$ = 26/5 and C7 = 5, respectively. Furthermore, we 
show that the general coset Ansatze for the N = 8 and N = 7 algebras naturally lead 
to the coset spaces £0(8) x U{1) / SO{7) and SO (7) x U(l)/G 2 , respectively, as the 
additional consistent solutions for certain values of the central charge. The coset space 
SO(8)/SO(7) is the seven-sphere S 7 , whereas the space SO{7)/G2 represents the seven- 
sphere with torsion, S^. The division algebra of octonions and the associated triality 
properties of 5*0(8) play an essential role in all these realizations. We also comment on 
some possible applications of our results to string theory. 

1 Supported in part by the 'Deutsche ForsehungsgemeinschafV and the 'Volkswagen Stiftung' 
2 On leave of absence from: High Current Electronics Institute of the Russian Academy of Sciences, 
Siberian Branch, Akademichesky 4, Tomsk 634055, Russia 



1 Introduction 



Infinite conformal symmetry in two dimensions is the fundamental underlying symmetry 
of string theory M, and it plays an essential role in the understanding of the critical 
behaviour of two-dimensional physical systems. Similarly, super symmetric extensions 
of the infinite-dimensional conformal algebra underlie various superstring theories. For 
example, space-time supersymmetric classical vacua of superstring theories in various 
dimensions are described by extended superconformal field theories. Extended super- 
conformal symmetry also has applications to integrable systems and to topological field 
theories as well |2|, [3j. 

The finite-dimensional (global) subgroup of the two-dimensional conformal group 
50(2,2) is not simple, and it decomposes as 50(2,2) ~ 50(2, 1) x 50(2, 1), with the 
two 50(2, 1) factors acting on left and right movers, respectively. This allows one to have 
different number of supersymmetries in the left and right moving sectors. A complete 
classification of supersymmetric extensions of the /imte-dimensional global conformal 
group in two dimensions was given in |4j]. However, not all finite-dimensional (global) 
superconformal algebras admit extensions to m/£m£e-dimensional linear superconformal 
algebras with generators of non-negative conformal dimensions. The maximal number 
(N) of supersymmetries such linear infinite superconformal algebras can have is four 

I, |, Si- 

It is possible to have supersymmetric extensions of the Virasoro algebra with N > A, 
while retaining the requirement that the generators have non-negative conformal dimen- 
sions. However, the price one has to pay is either to have a non-linear superconformal 



algebra, as in the Bershadsky-Knizhnik algebras P, 10], or introduce field-dependent 



structure constants, as in the so-called soft N = 8 algebra introduced in ref. [I l] and 

2 



further studied in refs. [O, O, IT^l |T5||. The soft N = 8 algebra appears as the algebra 



of first-class constraints in the Green-Schwarz superstring action in ten dimensions JT2 
Such field-dependent 'structure constants' also appear in the symmetry algebras of the 
two-dimensional locally supersymmetric non-linear sigma-models (NLSMs) with N > 4, 
where they may even become non-chiral due to non-trivial mixing between the left- and 
right-moving modes via dilaton couplings, when the number of supersymmetries exceeds 



eight ||16|| . The Grassmannian symmetric spaces 

SO(8,m) 
SO {8) x SO{m) 



m>l, (1.1} 



appear as solutions for the N = 8 locally supersymmetric NLSM target manifolds [17 



lq| . The soft algebras usually have no restrictions on their central extensions, while 
their 'structure constants' are, in fact, functions on the target manifold. 

The iV-extended superconformal algebras of the type introduced by Bershadsky and 



Knizhnik |9|, |10[ comprise generators of conformal dimension 2, 3/2 and 1 only. They 
contain (i) the Virasoro subalgebra, (ii) N real supercurrents of conformal dimension 
3/2, whose operator products give the stress tensor of dimension 2, symmetry currents 
of dimension 1, and terms that are quadratic in the symmetry currents, (iii) satisfy the 
Jacobi 'identities', and (iv) have the usual spin-statistics relation. Under the require- 
ment of reductivity, a complete classification of such algebras was given in refs. |1| |20 



Being "reductive" means that they linearise in the limit when their central charges go 
to infinity. In this limit, the infinite-dimensional vacuum-preserving algebra becomes a 
finite superalgebra containing the finite (global) conformal algebra. Thus, the full classi- 



fication of such non-linear superconformal algebras [T9|, [20] follows from the classification 



of finite-dimensional (global) superconformal algebras given in ref. M. There are three 
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infinite classical families (for either the right- or the left-moving modes) , 



osp(N\2;R) , su{l,l\N) , osp{4*\2N) , (1.2) 

a one-parameter family of the N = 4 algebras, and two exceptional superconformal 
algebras with N = 7 and N = 8 supersymmetries. 

All the extended superconformal algebras can be viewed as arising from the quan- 



tum hamiltonian (Drinfeld-Sokolov-type) reduction of amne Lie superalgebras pTJ. In 
particular, the vacuum-preserving subalgebras of the N = 7 and N = 8 exceptional su- 
perconformal algebras in the limit of infinite central charge are the exceptional finite Lie 
superalgebras G(3) and F(4) (in the Kac notation [0). Hence, it is not surprising that 
the quantum hamiltonian reduction of the affine Lie superalgebras G(3) and F{4) just 



yields the N=7 and N=8 superconformal algebras, respectively pip . The orthogonal and 



unitary series of eq. (1.2) are often referred to as the Bershadsky-Knizhnik superconfor- 
mal algebras [|| ID|. The non-linear N = 4 superconformal algebras were first obtained 



from the linear N = 4 superconformal algebra by factoring out four free fermions and 
one boson [27, 28j. The infinite classical family of non-linear superconformal algebras 



corresponding to su(l,l\N) for N > 2 does not admit unitary representations of the 
highest-weight type [§, |29|. Similarly, the non-linear superconformal algebras corre- 
sponding to the symplectic series osp(4*\2N) do not admit unitary representations for 



N > 1 either [20|. The BRST operators of the Bershadsky-Knizhnik-type superconfor- 



mal algebras were studied in refs. [30, 31, 32 



The main purpose of our investigation in this paper is to study possible coset space 
realizations for the N = 7 and N = 8 exceptional superconformal algebras. Thereby 



3 See refs. [B3L E4 Oq] for details about the G(3) and F(A). Another real form of F(4) corresponds 



to N = 2 superconformal symmetry in five space-time dimensions |26 
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we will also answer the question as to whether or not there exist rational (unitary) 
superconformal field theories with the 'exceptional' N = 7 or N = 8 supersymmetry. 
When using the method of quantum hamiltonian reduction, the standard Wakimoto 
construction known for any affine Lie (super) algebra [0, ^ allows one to obtain a free 
field (Feigin-Fuchs) representation for any extended non-linear superconformal algebra 
||21|| . Though being practical for a calculation of the screening operators as well as the 
correlation functions in superconformal field theory, using this method for constructing 
unitary highest-weight irreducible representations requires some additional techniques. 
For example, one still needs to find zeroes of the Kac determinant associated with a given 
(Verma) module and its null (singular) vectors, which may be a hard problem for the 
extended superconformal algebras at large N. On the other hand, the coset construc- 
tion can, in principle, answer the question of existence of rational superconformal field 
theories in a relatively simple and straightforward way. Therefore, we shall assume that 
all the conformal fields in our construction come from the gauged (1,0) supersymmetric 
Wess-Zumino-Novikov- Witten (WZNW) models. 

Many of the results about unitary highest-weight representations of the linear N = 2 
and N = 4 superconformal algebras were obtained in the past by using known results 
concerning superconformal algebras with lower N. In the non-linear case, this method 
is obviously of a limited use, since the naive tensoring of representations is no longer 
valid. Thus we shall use the coset space method directly, in studying the unitary highest- 
weight representations of the exceptional non-linear superconformal algebras. The coset 
construction is well-known to be a powerful tool in the two-dimensional (super) conformal 
field theory p3 |, and it is presumably able to deliver all rational theories (modulo a 



permutation of fusion rules, or making an orbifold from the coset by modding it with 
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respect to a dicrete not-free-acting symmetry @, 0). The generalizations of the coset 
space method are known for the N = 2 extended supersymmetry p^j , as well as for the 



N = A supersymmetry pR 136], |37|, B8|. Though the coset space methods were invented 



to study representations of the linear extended superconformal algebras, they have also 



been extended to the non-linear N = 4 superconformal algebras as well [|35], g6[ |37], |38 

Our paper is organized as follows. In sect. 2, we provide the necessary algebraical 
and group-theoretical background in seven and eight dimensions, which simultaneously 
introduces our notation. In sect. 3, we review the non-linear N = 7 and N = 8 super- 
conformal algebras, using the language of the operator product expansions (OPEs). Our 
main results about the N = 8 and N = 7 coset constructions are presented in sect. 4. 
Our conclusions are summarized in sect. 5. The two appendices provide relevant iden- 
tities for the octonionic structure constants (Appendix A), and some details about the 
supersymmetry part of the N = 8 exceptional superconformal algebra (Appendix B). 



2 A review of the properties of octonions, their au- 
tomorphism group and gamma matrices in seven 
dimensions 

In this section we shall review some known results about the division algebra of octonions, 
its automorphism group G2, and gamma matrices in seven dimensions. These results 
will be used in later sections, in our study of the exceptional superconformal algebras. 

2.1 Division algebra of octonions 

Many of the special properties of various mathematical structures in seven and eight 

dimensions are related to the octonions. The eight-dimensional division algebra of oc- 
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tonions O is one of the four division algebras that exist over the real numbers. An 



arbitrary octonion q can be expanded as [|S5|| 

7 

q = q a e a , all q a are real numbers, (2.1) 

a=0 

where eo = 1 represents the identity element, and the imaginary octonion units e m , 
m = 1,2, ... ,7, satisfy the multiplication rule 

^m^n &mn C mnp 6 p . (2.2) 

with C mnp being the totally antisymmetric structure constants. The seven imaginary 
units close under commutation. However, they do not form a Lie algebra under com- 
mutation due to the non-associativity of octonions. The ' Jacobian' of three elements is 
given by Q 

[e m , [e n , e p ]] + cyclic permutations = 3C mnpq e q , (2.3) 
where the non-vanishing totally antisymmetric tensor C mnpq is defined as 

C\ m nCp]kq = C mnpq 7^ . (2.4) 

The tensor C mnpq is dual to the tensor C mnp in seven dimensions: 

Cmnpq mnpqr st^ 1 "r st ■ (2.5) 



We use the basis given in ref. for which the constants C mnp read as: 

C*123 = C*147 — C*165 — C*246 = C*257 = C*354 = C*367 = 1 j (2-6) 

while all the other non-vanishing components are determined by the total antisymmetry. 

Given eq. (2.6), the non- vanishing (equal to one) components of C mnpq are given by the 

4 We do not distinguish between co- and contra-variant indices. All (anti)symmetrizations are defined 
with unit weight. 
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following values of (mnpq) 

(1,2,7,6), (1,2,4,5), (1,3,4,6), (1,3,5,7), 

(2,3,7,4), (2,3,5,6), and (4,5,6,7), (2.7) 
with the rest being fixed by the total antisymmetry. 

The identities satisfied by the tensors C mnp and C mnpq have been extensively studied 



in the literature [j39|, |24|, [40|, |41J, |42| p|). Among them, one has 

{C p , C Q } mn = C p mk C q kn + C q mk C p kn = 5 m 5^ + 5 p 5 m — 25 pq 5 rnn , (2-8) 

and 

Cmnpq C mrfl pq $mq$np &rnp&nq ■ (2.9) 



A list of other useful identities, extending those found in refs. |p9| , |40| , [41] , |42| , [43| , is given 
in Appendix A. 

2.2 G 2 , 5pm(7) , 50(8) , and Octonions 

The automorphism group of octonions is the exceptional group (?2- The automorphisms 
together with left and right multiplications by unit octonions generate the group 5*0(8) 



|3£|. The operation of simultaneous multiplication from the left by a unit octonion q 
and right multiplication by the octonion conjugate q together with the automorphisms 
generate the group SO (7) [ |3£fl . 

The 8x8 gamma matrices 7* b in seven dimensions, which satisfy the Clifford algebra: 

{y,y} = 2^i 8 , (2.io) 

where ■ ■ ■ = 1,2, ... ,7, and a,b, . . . = 1, 2, . . . , 8, can be written in terms of the 
octonionic structure constants ^D], [IT], [Efl . First, let's trivially extend C* fc to C % ab 



by setting C % ab = Cj fc whenever a(= j) and b(= k) are not equal to 8, while defining 
C % ab to be zero whenever a or b is equal to 8. The hermitian (purely imaginary and 
antisymmetric) gamma matrices in seven dimensions can then be chosen as 

f ab = z(C\ b ±5 ia 5 b8 T5 lb 5 a8 ) , (2.11) 

where the signs are correlated. Both options for the signs in eq. (2.11) will be exploited 
in sect. 4. In later sections we shall use the notation Y ab for the upper sign choice, 
whereas the notation 7* fe is going to be used for the lower sign choice, in order to avoid 
confusion. 

The antisymmetric products of gamma matrices are defined as usual, with unit 
weight, viz. 

7 y-* = 7 [y... 7 fc l . (2.12) 
The antisymmetric self-dual and antiself-dual tensors Cf JKL , (J, J, . . . = 1, 2, . . . , 8) 



in eight dimensions will be defined as in refs. [40, 41, 42 



Cijki — Cijki , and C { - fc8 — ±CV,- fc , (2-13) 



With the above choices of gamma matrices one finds 

iL = C ijab + S'Jl - 5151 ± Cji6 b8 =f C b l >5 

= ^ijab + 3a$b ~ ■ 



<t 8 



(2.14) 



A bit more effort is needed to calculate Y^ M , and we summarize some of the details 
below. First, it is straightforward to verify that 

— ^kub^ja + 5i a 5jk5ib — 5i a 5ji5kb — 5ik5j a 5ib + 5u5j a 5kb , 



and, hence, 

tStS = - Ct [ij C+ kl] - 2C% k % - 2C± k % 

= -Cj fo O± m ~ C a [ij C b kl] ~ ^% k a 8\ - 20±^ , 
where we have used eq. (A. 3), in particular. Taking now a = m and b = n yields 



For a = b = 8 one finds 



78c7c8 = -CMCJQ = C ijkl 



v v 



and taking a — m, 6 = 8 yields 

TK 1 = -C [ %C/' ] - 20^ = -4C^ fe 4 . 

Thus we find 

7lf = $*C*" + 40±^ ]6 + 40 6 %.^ ]a , (2.15) 
where we have used eq. (A. 2). In fact, we just proved the identity 

-Ct c [ij Ct kl] - 2C% jk 5 l]b - 2C b % jk 5 l]a = 5 ab C^ kl . 

The explicit formulas for the gamma matrices will be used in the next section. 

The matrices 7* J represent the 21 generators of Spin(7) in its eight-dimensional 
spinor representation. One can extend the spinor representation of Spin(7) to the left 
handed or right handed spinor representation of 5*0(8) by adding the matrices ±iY 
39| , [fl , i2|| . By defining J 1 = J l8 , the commutation relations of 50(8) can be written 



as 

[J\J j ~\ = 2J 11 



[J\ J mn ] = 25 m J n - 25 m J m , (2.16) 

[jv, J kl ] = 2S jk J il + 25 u J jk - 25 lk J jl - 2S jl J ik . 
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The automorphism group G<i of octonions is a 14-dimensional subgroup of SO(7). Under 
G2, the adjoint representation of 5*0(7) decomposes as 21 = 14 + 7. We shall denote 
the generators of Gi as G l K One can choose a basis for G 2 such that the generators G % i 



can be expressed in terms of the generators J v of 5*0(7) in a simple form f43|| : 



G y = Ijij + \c ij kl J kl 



(2.17) 



Eq. (2.17) implies the linear relations 



CijkG jh = 



(2.18) 



and these are just the seven constraints that enforce the generators G'- 7 to span the 



14-dimensional vector space [39|. Note also the related identities 



C ijkl G kl = 20,:, , and C [ ! j G k]p = . 



(2.19) 



The remaining seven generators of 50(7) can be chosen as 



A i = T)C i -i k J : > k 



(2.20) 



They are associated with the seven-dimensional coset space SO(7)/G2- Therefore, we 



arrive at the decomposition E3| 



jij _ ^Qij _|_ ]_(jijkj^k 

3 3 



(2.21) 



The G2 generators G lJ satisfy the commutation relations 43 



[O ij G H ~\ = 25 l ^G^ k — 25 k ^G^ 1 + \ ^(jklm[iQj]m _ Qijm[kQl]m^ ^ 22) 



Furthermore, we have 



[A\ A j ] = -8G lj + 2C ijk A k , 
11 



(2.23) 



thus reflecting the fact that the coset space SO(7)/G2 is not a symmetric space. The 
symmetric space SO(8)/SO(7) can be identified with the round seven-sphere 5 7 . The 
space 50(7)/G 2 can be considered as the seven-sphere with torsion, and we shall denote 
it in what follows as 5£. 

The SO (8) generators can similarly be decomposed with respect to G2, 

28 = 14 + 7+ 7, (2.24) 

with the generators J % and A % introduced above transforming in the seven- dimensional 
representation of G2 ■ In a G2 basis, the commutation relations of SO (8) take the form 

[J\ J j ] = 2J lj = lG ij + lc ijk A k , 



(2.25) 



[A\ J J ] = - 2C i]k J k , 

[j\ G kl ] = 5 ik J l - 5 u J k + \c iklv J p , 

[A\ G kl ] = 5 ik A l - 6 il A k + \c iklp A p , 
in addition to the commutation relations (2.16), (2.22) and (2.23). 

The three eight-dimensional representations of 5*0(8) are in triality and the subgroup 
of SO (8) invariant under the triality mapping is G2 [39]. This is evident from the 



commutation relations of 5*0(8) in the G2 basis above. Note also the following additional 
identities: 

C ij kl J kl = lG ij - lC ijp A p , 

J l3 r= ^§Gi j G ij + \A i A i , (2.26) 

CijkiJ ^ J — ~~g~GijG^ TjAjA = UijJ^ AAiA . 
Another embedding of O2 into 50(7) that will be also usefull in the next sections was 
given in ref. |39] and later used in ref. [PCfl . In this embedding the fourteen generators 



12 



M A of G 2 (A — 1, 2, .., 14) are given as follows: 



M 1 
M 3 
M 5 
M 7 
M 9 
M 11 
M 13 



1 

V2 
1 

V2 
1 

V2 
1 

i 
1 

71 
i 

71 



/ rp41 _|_ fj-i36 

/ji31 _ rp46 

/j>21 _ ^76^ 

/j>71 _|_ y26^j 

/ ^24 _ ^73 

frp43 _ rpW 



M 2 
M 4 
M 6 
M 8 



f T 41 - T 36 + 2T 

/ T 3i + T 46 _ 2T 
\/6 V 



25 



57 



2'21 _|_ rp56 



15 



V6 

\ (rp71 _ rp26 _ 2T 35 } 

M 10 = i=(T 24 + T 73 + 2T 15 ) 

/ T 74 _ T 23 _ 2T 



(2.27) 



M 12 
M 14 



v/6 

1 / T 43 + T 16 + 2T 27 
\/6 V 



where T y are SO (J) generators. For writing down the non-linear N = 7 superconfor- 
mal algebra (sect. 3), it is convenient to take the SO(7) generators here in the vector 
representation [FZDJ. 

= -i {5151 - 5\5{) . (2.28) 

Finally, we give a few branching rules for the Spin(7) tensor products, namely 

7x7=l s + 21 a + 27 s , 8x7 = 8 + 48, 8 x 8 = l s + 7 a + 21 a + 35 s , (2.29) 

where the 8 stands for the 8-dimensional spinor representation. As far as G 2 is concerned, 
the only decomposition to be relevant for us is given by 



7x7 = 1 + 7+14 + 27 



(2.30) 



In Table I, we list some basic facts about G 2 ,SO(7) and 5*0(8). 
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Table I. The groups G 2 , 50(7) and 50(8) 



G 


dimension 


rank 


dual Coxeter number 


G 2 


14 


2 


4 


50(7) 


21 


3 


5 


50(8) 


28 


4 


6 



3 Exceptional non-linear superconformal algebras 

In this section, we present the defining OPEs for the N = 8 and N = 7 non-linear 
superconformal algebras following ref. [20]. These algebras can be obtained either via a 
Drinfeld-Sokolov-type reduction from affine versions of the exceptional Lie superalgebras 
F(4) and (2(3), respectively |^TJ, or by purely algebraic methods [H| PU| . Both algebras 



have generators of conformal dimension 2, 3/2 and 1 only. The N = 8 algebra contains 
eight supercurrents S M of conformal dimension 3/2, and 21 symmetry currents of 50(7) 
under which the supercurrents transform in the spinor representation. The N = 7 
algebra has 7 supercurrents, and 14 symmetry currents of G 2 - Both algebras contain a 
single generator of conformal dimension 2, and they are completely fixed by their field 
content and associativity (the Jacobi 'identities'). Because of their non-linearity, the 
'vacuum-preserving' algebra, generated by the modes L , L ±1 , S±y 2 and T^, is not 
finite. The OPEs to be given below are equivalent to the (anti) commutation relations 
of ref. |2(J. 
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3.1 Exceptional N = 8 superconformal algebra 



The bosonic part of the N = 8 algebra is a semi-direct product of the affine algebra 

so(7) k of level k and the Virasoro algebra. The corresponding OPEs are given by 

rpi \ rpt , c/2 2T(w) , dT(w) 

T(z) T(w) ~ + 



(z — wY (z — w) 2 z — w , 

3.1 

T mn (w) dT mn (w) 
[z — w) z z — w 

and 

T mn (z)T pq (w) ~ {5 np T mq {w) + 5 mq T np {w) - 5 rnp T nq {w) - 5 nq T mp {w)} 

(z — w) 2 

where the adjoint of 5*0(7) is labeled by a pair of antisymmetric indices, m,n, . . . = 
1,2, ... ,7. Compared to the previous section, we have normalised the affine spin-1 
currents differently, J mn = 2iT™ n , where T™ n is the zero-mode of T mn (z). f\ 

Since the N = 8 supercurrents S M (z) transform in the spinor representation of SO (7) 
and have spin 3/2, we have 

{z-w) 2 z-w 

T mn (z)S M (w) ~ ^-lM^S N {w) , 
2 (z — w) 

The only non-trivial OPE's are the ones corresponding to the products of N = 8 
supersymmetry generators which read as follows: 



3(fc + 4) (z-w) 3 z-w 3(A; + 4) z-w 



2i(fc + 2) MN 
3(fc + 4) 7m " 



(2 — w) 2 2{z — w) 



1 MiV : T mn T pq : (to) 



:7 



12(k + 4)' mnpq z-w 



5 The same normalisation convention was adopted in ref. 
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where M, N = 1, . . . , 8, and = 1, . . . , 7, as in the previous section. The above 

eq. (3.4) becomes more transparent and suitable for calculations after substituting the 
gamma matrices in terms of the octonionic structure constants (see sect. 2 and Appendix 
A). The relevant formulas are collected in Appendix B. 

We have verified that all the Jacobi 'identities' are satisfied provided that the central 
charge c of the N = 8 algebra is determined by the level k as follows: 

6k 2fc(2fc + ll) , ocN 
C = C * = Ak + —A= k + 4 - ' (3 - 5) 



in agreement with refs. [|T^. 2(J. The identities (2.8) and (2.9) were crucial in checking the 
Jacobi 'identities' for the N=8 algebra. Compared to Bowcock p0[| , our supersymmetry 
generator S M above differs from his , S# , by an overall scale factor, namely, S = 



2k+ll ^B- ft should be stressed that the very existence of such non- linear N = 8 
superconformal algebra is highly non-trivial, because several consistency requirements 
still have to be satisfied in the process of checking the Jacobi 'identities' when all free 



parameters are already fixed |20 



3.2 Exceptional N = 7 superconformal algebra 

The exceptional N = 7 non-linear superconformal algebra is similar to the N = 8 al- 
gebra, with the gauge group instead of SO (7), and seven supercurrents. We shall 
denote the generators of G2 as G A and not as M A as we did in the previous section. 
The symbol M A will be used for the seven- dimensional representation matrices of G2, 
A = 1,2, ...,14, as given in eq. (2.27), providing the explicit embedding of G2 into 

5*0(7) |39|]. The matrices M A satisfy the properties []20] 

tr (M A M B ) = 26 AB , 



M A M A = l(6 a 8 jk -8 ik 5 jl )-^C ijkl 
16 



(3.6) 



The bosonic OPEs of the N=7 algebra are 

c/2 



T{z) T(w 

T(z)G ij (w 
The G 2 currents satisfy p£3 | 



2T(w) ^ dT{w) 



(z — w) 4 (z — w) 2 z — w 
G ij (w) dG ij (w) 



(3.7) 



(z — w) 2 z — w 



G ij {z)G kl {w) ~ — \25 lli G j]k {w) - 25 k[i G j]l {w) 
z — w L 



+\c klm[i G 3]m {w) - \c ijm[k G l]m {w)} 



(3.8) 



k 



(2; — w) 2 

The generators G*- 7 of G 2 are related to the generators G A given in the previous section 



as 



Gi . = ^M A G A . 



Ai 



(3.9) 



The seven supercurrents S l (z) transform in 7 of G2, and satisfy the OPEs 



T(z) S l (w) 



G A (z)S t (w) ~ 



(2 — w) 2 z — w 



(3.10) 



z — w 

The most important OPE's are again the ones defining the N = 7 supersymmetry 
algebra, and they read as 



S\z)S j (w) 



k(3k + 5) 8 ij 3k + 5 „ rA 

— 1 M 

k + 3 (z-wf k + 3 l] 



G A {w) idG A (w 



(z — w) Cz 



z — w 



+ 
+ 



()'■' 



2T(w) - 



: G A G A : (w) 



z — w 
3 

4{k + 3) 



k + 3 



(3.11) 



M A M B + M B M A 



: G A G B : (w) 



z — w 



We have verified that all the Jacobi 'identities' are indeed satisfied provided that the 
central charge is given by [19|, |2(| 



_9 2k _k(9k + 31) 
c-c 7 = -k + -j-^ = 2(fc + 3) • 

17 



(3.12) 



Again, it is fully consistent, in particular, with the results of Bowcock [EO], after taking 



into account the rescaling S l = J 9^+31 ^b- 

There is a confusion in the literature concerning the relationship between the two 
exceptional superconformal algebras. The N = 7 non-linear algebra is not a subalgebra 
of the N=8 non-linear algebra. This can be most easily seen in the limit c —>■ 00, 
where both algebras linearise. The N = 8 algebra contains the finite Lie superalgebra 
F(4) in that limit, which is its vacuum-preserving subalgebra. On the other hand, the 
corresponding subalgebra of the N = 7 algebra is (7(3). If the N = 7 algebra were 
a subalgebra of the N = 8 one, then (7(3) would have to be a subalgebra of F(4). 
However, it is known that this is not the case. It follows from the fact that the smallest 
non-trivial representations of both Lie superalgebras are their adjoint representations. 
If G(3) were a subalgebra of F(4), then this would imply that there be an 9-dimensional 
(dim adF(4) — dim adG(3) = 9) non-trivial representation of (7(3), which does not exist 
121. 



4 Exceptional coset constructions 

In this section, we shall investigate the possibility of realizing the exceptional super- 
conformal algebras over certain special coset spaces G/H. We adopt here the fol- 
lowing conventions: Q we use the early Latin capital letters for G indices, and the 
early lower-case Latin letters for G/H indices, A,B,... = 1, . . . , dim G, and a,b, . . . = 
dim H + 1, . . . , dim G. 



6 The notation adopted here, in this section, for a general group G and its subgroup H slightly 
overlaps with our conventions in the previous sections and in what follows for the particular cosets. 
This should not lead to a confusion since we discuss the general and particular cosets separately in our 
paper. 
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Let k be (integer) level of affine algebra G realised in terms of (bosonic) currents 
J A {z). The latter can be thought of as originating from the bosonic WZNW model on 
the group G Q g g, and they satisfy the OPE 

J A {z) J B (W) = r^^-J AB + t f ABDjD ^ + ; JAJB .(„,) + . (4.1) 

(z — w) z z — w 

where if ABD are the structure constants of G. Let's also introduce free fermions in the 
adjoint of G, with the OPE 

iP a (zU b (w) = -^-8 AB + : ^ V : O) + (z-w): dip A ip B : (w) + . . . . (4.2) 
z — w 

These free fermions can be thought of as coming from the (1,0) supersymmetric (het- 



erotic) WZNW model on the group G [45 



The basic idea of coset construction is to construct generators of a given supercon- 
formal algebra in terms of the basic fields J a (z) and ip a (z) associated with a coset G/H 
|£| 0, §. Eqs. (4.1) and (4.2) obviously imply 



J*( Z ) J\w) = -^^-J ab + l f ahDjD ^ + . :(«) + ..., (4.3) 
[z — wy z — w 



and 



1/2 

ip a (zU b (w) = -^—5 ab + : ifj a ip b : (w) + (z-w): dip a ip b : (w) + . . . . (4.4) 
z — w 

The most general Ansatz for the supercurrents of any extended superconformal al- 
gebra over an arbitrary coset is given by 

S M {z) = 2a(k) \h^{r{z)J b {z)+ 1 {k)C I dr{z) - |/3(*)r& : «V C : (*)} , (4-5) 

where a(k), •y(k) and (3{k) are some functions of the level k, while h^,, ^ and Y^ c are 

some tensors, the latter being totally antisymmetric with respect to its subscripts. [] 
7 No symmetry properties are a priori assumed for h^l and 
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The Ansatz (4.5) is dictated by dimensional reasons. The tensors h%[, ^ and T^ c 
have to be consistent with the transformation properties of the conformal fields in the 
Ansatz (4.5). For example, the 'background charge' terms proportional to dip a can only 
contribute when there exists a mixed tensor £^ which is invariant under the 50(7) 
transformations in the N=8 case or under the G2 transformations in the N=7 case. 
That is only possible if this tensor is proportional to the delta-symbol, which implies, in 
particular when 7 7^ 0, that some free fermions ip a should transform in the same 50(7) 
or G2 representation as the N=8 or N=7 super currents, respectively. 

The tensors h^l can be geometrically interpreted as the generalised complex struc- 
tures on the coset in question, whereas Y^ bc as the generalized torsion coefficients. The 
tensor ^ represents the background charges (see subsect. 4.2 for a non-trivial example). 

The Ansatz (4.5) is supposed to be completely fixed by the super conformal algebra. 



This is known to be the case for the super conformal algebras with N < A [^, 33], 

P^ , and it is expected to be the case in general. In fact, the resulting constraints 
usually lead to an overdetermined system of equations, so that it is highly non-trivial 
whether the equations are really consistent and lead to a solution when the number 
of supersymmetries is larger than four. As we shall show below, there exist very few 
consistent solutions to these constraints in the case of the exceptional N = 7 and N = 8 
extended superconformal algebras. 

For the unitary representations to be constructed via the coset space method, the 
coefficients on the r.h.s. of eq. (4.5) for the supercurrents have to be real, if the fermions 
are normalised as above and the currents J a are hermitian. 

It is straightforward to calculate the OPE that the supercurrents (4.5) satisfy. We 
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find 

(Aa 2 r 1 S M (z)S N (w) 



(z — w) 3 
1 



+ 



(z — w)' 



+ 



?2-pM t-iJV 



+ 2/3Tr 6/ r^ : ^ V : -tf (r&/# + T N abc h%) P : ^ : 
- 4^ 7 rie = : +ihXf bdD J D : « c : 



(4.6) 



As far as the N = 8 algebra is concerned, comparing the residues at the (z — w) 3 , 
(z — w)~ 2 and (z — w)^ 1 poles in eqs. (3.4) and (4.6), respectively, yields 



8k(k + 2) MN 
3(k + A) 



a 



(4.7a) 



2t(fc + 2) MJV _ 2 

3(fc + 4) mn ^~ 



(4.76) 



and 



2T(z) - 



3(k + 4) 



. rpmnrpmn . 



?MN _|_ i(k + 2) MN fypmn ( \ 
r „/, i \ Iran ul \ z ) 



1 



-jl N pq ■■ T mn T^ : (z) 



a 



3(k + 4) 

12(Jb + 4)'™«- ' — ^2«(:J^:4r9?)(,) 

+*ihXf bdD J D ■■ ■■ (z) - w (05 + 05) j' = = (*) 

+2*/#/£ : W = (*) + 8/3 2 r^ri : 90V : (z) + 2 1 h M ^dJ b {z) 
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-i6^ 7 rie : ^ ■■ (z) - sp 2 r% c r" ■. ^ : (z) 



(4.7c) 



where M,N — 1, 2, . . . , 8. 



Quite similar equations appear in the case of the N=7 algebra. We find 



k(3k + 5) 
k + 3 ' 



a 



khX b + l(3 2 rz c r n abc - 



(4.8a) 



3A; + 5 
k + 3 



(M A ) mn G A {z) = c? [2ihZKJ bdD J D (z) + ^h [ X ] J b ~ le^rLlC 1 : : 



+ 2kh%h& : : (z) + 8/3 2 C bc r^ : W : (*) 



(4.86) 



and 



2T(z) 



k + 3 



: G A G A : (z) 



+ 



3k + 5 



1— (M A M B + M B M A ) mn : G A G B : (z) = a 2 [2/i£/& (: J fe J d : +^/ MD 9J D ) 



4(A; + 3) 

+2fc/i>S, : c^ c : (z) + Aih2KJ hdD J D : : (z) + 2 1 hZQdJ b (z) 

-Ai(3 (rzXf + K bc h? f ) J f ■■ ■■ (z) + 8(3 2 r: bf r n abg ■. d^r ■ (z) 

-16i/3 7 C bc C : i> b dr : (z) - 8p 2 T2 c T n afg : VWV> 9 : (z) 
where m,n — 1,2, ... ,7, and A = 1,2, ... ,14. 



(4.8c) 



For both N = 7 and iV = 8 algebras, eq. (a) determines, in particular, the level 
k of the algebra, eq. (b) determines the affine currents of the algebra, while eq. (c) 
determines the stress tensor. Furthermore, for each equation, there are the complicated 
non-linear consistency conditions on the unknown constant tensors h, £ and T, and the 
unknown coefficients a, {3 and 7. For example, as far as the (M, N)- symmetric simple- 
pole contributions on the r.h.s. of eq. (4.7c) for the N = 8 algebra are concerned, the 
coset current ( J a )-dependent terms among them are given by 



<MiN) 



(M. 



(4.9) 
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They can only contribute to the trace (5 MAr -dependent) terms, according to eq. (4.7c). 
Moreover, the term quadratic in the coset currents has to be diagonal (i.e. of Sugawara 
form), since it is going to contribute to the stress tensor T. Therefore, we conclude that 

h ab h ad ~ d bd , Labc h cf~ d > aIld ^a6$a ~ ^ > l 4 - 1U J 

where, in the last equation, we have also taken into account the restrictions coming from 
the antisymmetric terms in eq. (4.7c) too. The conditions (4.10) are highly restrictive 
since, in addition, all the tensors h, F and £ are to be consistent with the transformation 
properties of the both sides of eq. (4.5). 

The first equation (4.10) implies that h™ b must be the seven- dimensional 8x8 gamma 
matrices and h 8 ~ Is if we assume that the indices a,b, . . . take values in an irreducible 
representation of £0(7) (by Schur's lemma). The second equation (4.10) then becomes 
equivalent to the relation 

K hc = *hzr 8 abd . (4.ii) 

It is not difficult to verify that eq. (4.11) does not have a non-trivial solution for T^f c 
which whould be totally antisymmetric with respect to its subscript indices, as required. 
Hence, we have to conclude that either all J m or all T M have to vanish. Similar conclu- 
sions follow for the N=7 case too (see subsect. 4.2). 

Thus, the coset we are looking for, if any, should be (7 + l)-dimensional, the seven- 
dimensional space being represented by a seven-sphere (the only parallelizable coset 
space in seven dimensions). Indeed, the very existence of the exceptional N = 8 and 
N = 7 algebras crucially depends upon unique properties of gamma matrices in seven 
dimensions, which are related to octonions. One should therefore have expected that 



8 The naive solution - the eight-dimensional 16 x 16 gamma matrices — is ruled out because it leads 
to 5*0(8) gauge invariance instead of 5*0(7) required. 
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the coset spaces in question are to be the ones given by various symmetry groups of 
octonions. The naive candidates for such cosets would be SO(8)/SO(7) for the N = 8 
algebra, which corresponds to the round seven-sphere S 7 , and SO(7)/G2 for the N = 7 
algebra, which correponds to the S T with torsion. However, it is not difficult to convince 
oneself that these naive coset spaces can not be the right ones. For the N = 8 algebra, 
we need supercurrents that transform in the spinor representation of 5*0(7), which can 
not be obtained from the currents and fermions on S 7 that transform in the vector 
representation of £0(7), according to eq. (2.29). For the N = 7 algebra, the naive 
guess fails due to the fact that SO(7)/G 2 is not a symmetric space, which leads to some 
unwanted terms in the OPEs. Remarkably enough, a simple extension of the naive coset 
spaces by a U{1) factor, i.e. adding a circle or '1-sphere' S 1 , leads to the consistent 
solutions for the above constraints (4.7) and (4.8), as we are going to demonstrate in 
the rest of the paper. Adding the U(l) current J(z) is equivalent to introducing a 
scalar field <j)(z) since J ~ dip up to a normalisation constant (cf. ref. [46] where the 



free-field representations for the orthogonal series of the Bershadsky-Knizhnik non-linear 
iV-extended superconformal algebras were constructed). 

4.1 A construction of the exceptional N = 8 superconformal 
algebra over the coset space S0(8) x U(l)/S0(7) 

Our starting point is the affine algebra so(8)^. © w(l), defined by the OPEs 
J ab (z) J cd (w) ~ \s bc J ad (w) + S ad J bc (w) - 5 ac J bd (w) - 5 bd j ac (w)\ 

7. — in I. > 



Z — W 

4k 



(z — w) 



[5 ac 5 bd - 5 ad 5 bc } 



(4.12) 



and 



J 8 (,)J» ~ jyz^y , (4-13) 
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where a,b, . . . = 1, 2, . . . , 8, and k\ is a normalisation parameter of the U(l) current J s 



The latter can be represented in terms of a scalar field, J = i\J k\/2d(f). 

Because of eq. (4.12), the currents J m = ±iJ rn8 , m = 1, . . . , 7, satisfy the OPE 

Ah 2 l mn (w\ - - 

J m (z)J n (w) = , ,J mn + 1 ' + : J m J n :(w) + ... . (4.14) 
(z — w) 2 z — w 

Associated with the U(l) factor is an additional free fermionic field ip 8 (z), with the 
OPE 

1/2 

ij 8 (z)i/j 8 {w) = — — + {z-w): dip 8 ip 8 :{w) + ... . (4.15) 
z — w 

This field ip 8 together with the fermions ip m form an 8-dimensional column ip a , with the 
OPE (4.4). The currents J m transform in 7 of SO(7), while J 8 is a singlet. The ip a will 
transform in the 8 of a Spin(7) algebra to be constructed from fermion bilinears. 

Being applied to the particular coset space 5*0(8) x U(l)/SO(7), our general Ansatz 
(4.5) for the N = 8 supercurrents can be simplified to 

S m (z) = 2a \pZr{z)J n {z) + i^\z) J 8 (z) + ^^(z) - |/3r™ : ^ W :(*)}, 

S 8 (z) = 2a {-ir(z)J n (z) ~ i^(z)J\z) + ld^ 8 (z) - j(3T 8 abc : :(*)}, 

(4.16) 

where the parameter 7 = ^(k) plays the role of a background charge. To simplify 
the structure of our Ansatz (4.16) even further, we represent the generalised complex 
structures in terms of the 'extended' gamma matrices to be defined as 

C = 7#, M=l,2,...,8, with 7 8 = -*l 8 , (4.17) 
These matrices satisfy the identities 

lablab = - 8 , lablab = , lablab = , (4.18a) 
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and 

(4.186) 

izrJ m + ilrj 8 = il b rJ b , 

and allow us to rewrite eq. (4.16) as follows: 

S M (z) = 2a(k) {i%r(z)j\z) + 7 (W M (*) - jPW% c = V>W :(*)}■ (4-19) 
The only choice for the generalised torsion coefficients on a seven-sphere is 

1 mnp ~~ ^^ranp , 1 np(? — -D"^ npq , 1 np 8 ~ np , K^-^J 

where the coefficients A, B and C are at our disposal. 

We thus reduce the problem of a coset space realization for the N=8 algebra to 
finding a solution for the coefficients (a, (3, 7, k±, A, B, C) from a consistency of the OPE 
(4.6) in terms of our Ansatz supercurrents (4.19) with the OPEs of the N = 8 algebra. 
In particular, the r.h.s. of eq. (4.7a) must reproduce 5 MN and determine the level k. 
Eq. (4.7b) can be used to determine the SO (7) affine currents T mn (z) of the iV = 8 
algebra: taking M = m and N = n, where m, n — 1, 2, . . . , 7, we obtain the expressions 
for T mn (z) and, hence, C p mn T mn {z), after using eqs. (2.14), (4.18) and (4.20), and the 
identities of Appendix A. On the other hand, taking M = m and iV = 8 in the same 
eq. (4.7b), we can directly calculate C p mn T mn ( y z). Both results must agree, and this 
gives us a non-trivial consistency relation. The simple-pole contributions of eq. (4.7c) 
produce three equations: the trace part proportional to 5 MN determines the stress tensor 
T of the N = 8 algebra, whereas the antisymmetric part and the traceless symmetric 
part proportional to an d Imnpqi respectively, yield the consistency relations for the 
already determined operators dT mn and : T mn T pq : . 

The most severe restrictions come out of the symmetric traceless part of the simple- 
pole terms. First of all, the coset current (J M - dependent) contributions have to cancel, 
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since they are obviously not allowed to contribute to a bilinear in the 5*0(7) currents. 
There are two different types of such unwanted terms on the r.h.s. of eq. (4.7c). First, 
the 7-dependent contribution contains the term r )\^ b dJ b which has to be proportional 
to Sff. However, it is only possible if 7 = unless J a 7^ 0. Hence, we have 

7 = 0, or J m = J 8 = . (4.21) 

Second, there are different unwanted terms of the form 

2(3(C mpt + J m ^W + (m <-> r) , (4.22a) 

in the OPE for S m (z)S r (w), and that of the form 

2/3(C ra /f + ff)i n , (4.226) 

in the OPE for S s (z)S r (w). These unwanted terms vanish if and only if 

(3 = , or J m = . (4.23) 

To this end, we examine in detail both non-trivial possibilities: 

(i) J m y£ , and (3 = 7 = 0, 

(ii) J m = 7J 8 = , and (3^0. 

(i). This case corresponds to having no trilinear fermions in the Ansatz (f3 — 0), as 
well as no background charge (7 = 0). From eq. (4.7b) we find 

filt + ^ ymn = a2 {~J mn - 4£^"> n + AkC mn p ^ 8 + \(k- fh)C mn pq ij P ij q } , 

O yrC "T" 4 J 

l St^. C m m T^ = a 2 {-C m pq J™ + AkC m m rr + (4fc + ^1) ^ m ^ 8 } . 

(4.24) 

Multiplying the first line of this equation by C p mn and comparing the result with the 

second line yields two equations for the coefficients at the fermionic terms. Fortunately, 
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these two equations turn out to be the same if we set: 

k = 40k . (4.25) 

The first line of eq. (4.24) now takes the form 

T mn = ^6(fc + 4) ^ 2 | j mn + 2 ^ / 2 ^ m ^„ _ 2C mn p i) p ^ + C mn pq i> v i> q ) } , (4.26) 
k -\~ 2 ^ ' 

where we can recognize the fermionic Spin(7) generators, because of the identity 

2ip [m ^ n] + C mn pq ^ q - 2C mn p i\) p i? = ^ mn i) , (4.27) 

in terms of the Majorana spinor ip, ijj = ip 1 = ip T , with the components ip a , if we take 
the lower sign in eq. (2.14). Note also the related identities 

(4.28) 

C pq mn ^ mn ij= 8^ q + C pq m ^ 8 ) • 

Eq. (4.7a) consistently produces 5 MN on the r.h.s. (the identities (4.18) play an 
important role here!) and determines a, 

a2 = _ *(* + 2) 
36k(k + 4) 

while eq. (4.26) can now be rewritten in an explicitly S'0(7)-covariant form, 

T mn (z) = ~ \J mn (z) + 2k : ^7 m > : (z)\ . (4.30) 
Qk 1 J 

Eq. (4.30) determines the level k of the N = 8 algebra, by comparing the double- 
pole contributions on the both sides of the OPE defining the 5*0(7) algebra that these 
currents satisfy. A direct calculation gives 

P ~ x Qk 

k = J^( k + 4 k 2.l) or fc = _^L r . (4.3i) 

9k 2 V ; 1 + 4k 
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As a result, we get the following simple expression for the Spin(7) current T mn : 

T mn (z) = - 2 ^ 4 fy [J mn {z) + 2k : ^7 m > : (*)} . (4.32) 

Taking the trace in eq. (4.7c) with respect to the indices M = N, and using S MM = 8 
and the obvious properties of the gamma matrices: tr(7 mn ) = tr(7 mnpg ) = 0, we find 



rp . rpmnrpmn . _ 2 

6(Jfe + 4) ' 



: J a J a : + -(7k + 40k) : ip a d^ a : - J mn : ^J m ifj n : 
8 



"^CmnpqJ mn '■ '4 )P 1p q '■ +C mnp J mn \ 1p P 1p 8 \ 

(4.33) 

where eqs. (2.9), (2.11) and (4.17), the book-keeping definition J a = (J m ,J 8 ), as well 
as the identities of Appendix A, have been used. 

Next, making use of the definitions 

73 = i (C m ab + « - 5?5l) , 7 m " = 7 [m 7 n] , 



iZ = * {C m ab - + 6?5l) , 7 m " = 7 [m 7" ] 



(4.34) 



and the related identities (4.27) together with the identity 

C mnpq : : +4C mnp : ^"VW := \ : (^7 m >) (^7™V) : , (4.35) 

we can rewrite eq. (4.33) in a compact and elegant form, 



Tl . rpmnrpmn . „ 2 

6(k + 4) 



- : J a J a : +i(7fc + 40k) :ifjdifj: -\j mn : (?/>7 m » : 
8 



(4.36) 

Eq. (4.36) is also explicitly S'0(7)-covariant, which is important for the consistency of 
our calculations. The coefficients in eq. (4.36) follow from eqs. (4.14), (4.29) and (4.31): 

k = 8k, a 2 = 2 -i-^ . (4.37) 

4(1 + 4A;)(4 + 25A;) 
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Hence, we get from eq. (4.36) that the N = 8 stress tensor is given by 

T = ^ ^ f-3 : j mn J mn : +2(2 + 17k) : J a J a : -24fc(2 + 17k) : ifj dip : 

8(1 + A:)(4 + 25/fc) 1 

+ (2 + 5k) J mn : (^7 m » : -12P : (^ mn ijj)(^ mn ijj) : } . 

(4.38) 

where we have used eq. (4.33). It is straightforward to check the rest of the N = 8 
algebra OPEs. In particular, all the equations (4.7) now become identities. 

Since the level of an affine Lie algebra based on a compact Lie group must be a pos- 
itive integer for unitary highest-weight representations, eq. (4.31) implies that we must 
consider either non-highest- weight-type unitary representations or non-unitary represen- 
tations of SO (8), in order to have a positive integer k, in general. The only exception 
exists when k = 2, which yields k = 2 also. According to eq. (3.5), the corresponding 
central charge is given by 

c 8 = 10 . (4.39) 
The full list of the N = 8 algebra generators in the case of k = k = 2, c 8 = 10, reads: 
T mn = - l - {j mri + 4^7 mn ^} , 

3V6 3V6 ( 44Q ) 

T= — : J a J a j mn j mn ■ - - ■ $ dib : 

18 432 3 w r 

+ -^J mn ■ (^7™V) : - ^ : (^7 m ^)(^7 m » : ■ 

We should note however that the choice k = 2 is not consistent with the defining 
(anti)-commutation relations of the N = 8 algebra since by repeated commutation of 
the current T mn ~ _|_ 4^7 mn ^) with itself one generates currents of the form 

^jmn _|_ ^i^-mn^^ w here / = 1, 2, 3, If we choose k = 2 we will have to extend the 

algebra to a larger one. 
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Since the affine current T mn of the N = 8 algebra in eq. (4.30) is a linear combination 
of the bosonic and fermionic contributions, — {i/2)J mn and — ( y i/2)ipj mn ip, all having 
the same (classical) normalisation, T mn would be precisely given by their sum only if 
k — k + 1. This is consistent with eqs. (4.30) and (4.31) if and only if k — 1/2 and 
k = 3/2. The full list of the N = 8 algebra generators in the case of k — 1/2, k — 3/2 
and c 8 = 84/11 is given by 

T mn = - I{j m « + ^7™V} , 

V 33 ^ V 33 ^ (4 41) 

T = — {7 : J a J a : - : j mn j mn : -42 : ^ 9^ : 



132 
3 

+ 2~ 



\j mn : (^7 mra ^) : - : (^ mn ilj)(^ mn ^) : J . 

Another consistent solution is to start from the non-compact real form SO(7, 1) in our 
Ansatz, and take its level to be k = —1/2. Using eq. (4.31), this yields the level k = 9/2 
for the affine 5*0(7) symmetry of the iV = 8 algebra, and a central charge c 8 = 360/17 
according to eq. (3.5). 

In both cases of consistent solutions the corresponding (1, 0) supersymmetric gauged 
WZNW models with the target space SO(8)/SO(7) x U{1) or SO(7, l)/SO(7) x 17(1) 
must therefore have a hidden non-linear N = 8 superconformal symmetry on-shell. 

(ii). Because of eq. (4.21), we are to distinguish the two possibilities: (a) without a 
U(l) current (J 8 = 0) but with a background charge (7 ^ 0), and (b) vice versa, J 8 7^ 
but 7 = 0. 

The analogue of eq. (4.24) in the case (ii), J m = and (3 7^ 0, is given by 

6(fc + 4) Tm " = " 2 { 2 ^ m ^™[2/3 2 (5 2 + C 2 ) - 2i^B] - 2C mn p ^ 8 [-2i(3 1 C + 4(3 2 BC] 
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+ C mn pq rn-hP 2 C 2 - tPi + ihB]} (4.42) 
^t3. C m pqTPg = a 2 {c m M rnWl(A -C)~ 8(3 2 AB] + ^\\k - 12(5 2 AC]} . 

These two equations are only compatible if 

4[3 2 B 2 + 6[3 2 C 2 + lk- Up-yB = 2ipj(A -C)- 8fi 2 AB , 

(4.43) 

-mp-fC + 9Qf3 2 BC = 24(3 2 AC - h , 
where we have to add the additional condition 7^1 = from eq. (4.21). 

It is not difficult to check that there is only one consistent solution of eq. (4.43) which 
is compatible with the 5*0(7) symmetry, namely, 

7 = 0, A = B = C = 1 , and h = -72/3 2 . (4.44) 

The first line of eq. (4.42) thus takes the form 

where we have used eq. (4.27) and the eq. (4.7a) gives : 

«» = *(* + 2 ) (4 46) 

48/3 2 (A; + 4) 1 ' 

Eqs. (4.45) and (3.5) now imply that 

k = 1 , and c 8 = 26/5 , (4.47) 

respectively. The list of the N = 8 superconformal algebra generators in the case (ii) is 
given by 

T mn = _ % U^n^ ? 



s m = ^(^r i J s + \c r \ pq rrr + c m m rr^) , 
s 8 = -i=(-t4, s .p + c mnp iJ m iJ n r) , 

T = 1 : J 8 J 8 : -? : jdt/, : +^ : (^^X^TV) : ■ 
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(4.48) 



This case thus corresponds to a unitary realization of the N = 8 algebra in terms of a 
single free boson and eight free fermions transforming in 1 and 8 of Spin(7), respectively. 



4.2 A construction of the exceptional N = 7 superconformal 
algebra over the coset space SO (7) x U{l)/Gi 

The N = 7 coset construction over SO (7) x U(l)/G 2 follows the lines of the N = 8 
case considered above. In the N = 7 case, our starting point is the affine algebra 
SO(7)- k whose commutation relations can be read off from eq. (4.12) by restricting the 
indices to run from one to seven (m, n, ... — 1, ... ,7). Eqs. (2.17) and (2.20) imply the 
following definitions of the currents associated with the coset SO{7)/G 2 and the group 
G 2 , respectively, 

A m (z) = \c m np J np {z) , and G mn {z) = \j mn {z) + \c mn pq J pq {z) . (4.49) 

Accordingly, we get the OPE 

A m (z)A n (w) = , * 6 mn + k °-^+ : A m A n :(w) + ... . (4.50) 

(z — w) 2 z — w 

We shall denote the affine factor U(l) by a bosonic current A°(z), with the (nor- 
malised) OPE (cf. eq. (4.13)) 

A°(z)A°(w) = . 1/2 , 9 + : A A :(w) + ... , (4.51) 
{z — w) z 

and define the 8=1+7 free fermions ip a (z) to be (i/j m , ip 8 ), with the OPE as in eq. (4.4). 

Our Ansatz for the supercurrents of the N = 7 non-linear superconformal algebra 
reads as follows: 

S m = 2a {C m np ip n A p + aip 8 A m + b^ m A Q + 7 ^ m 

2,. o ( 4 -52) 
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where a,(3 7 a,b and d are parameters to be determined by the OPEs of the N = 7 
algebra. 



In terms of the general Ansatz (4.5), eq. (4.52) implies that we equate 



"np 



C r, 



np i 



Urn _ xm yra _ irra . pm _ s:r 



(4.53) 



and 



It follows Q 



where 



1 npq ~ npq j 



pm rlf^ m 

1 np8 ~~ UO np • 



W = (6 + a 2 + b 2 ) <f 



,L ab IL ad — ,L pb' L pd * u 8b u 8d i 



^aq^ar ^mnqr ^qn^mr &mn$qr 0> &mq&nr ; 



(4.54) 



(4.55) 



=frtf 



u a8"'ap 



2 zmn 



-bC 



mnp i 



(4.56) 



and, similarly, 



n ap n a8 



bC 



mnp i 



hp C hq C Cmnpq $mn$pq &mq$pn b $mp&nq j 



h m h n 



2 rmn 



=a d 



n 8c n pc ~ * a ^mnp > 



(4.57) 



h m h n 



In addition, we find 



TXX^ =6 (4 + 3d 2 ) <f 



pm pn pm pn _i_ rjpm pn 

afcc afed pgc pqci ' 8pc 8p 



9 Note our conventions: the early lower-case Latin indices take values a, b, 
the middle lower-case Latin indices take values i, j, . . . = 1, 2, . . . , 7. 
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(4.58) 
1, 2, . . . , 8, whereas 



where 



rz r r n abs =2 (1 + d 2 ) c mn rs + 2 (2 + d 2 ) (8™5 r s - 5TS r n ) , 



1 abr L ab8 ~ ~ 4 " L/ 



r™ a r^ = + Adc mnr 



(4.59) 



(4.60) 



abS abr 

Some other useful corollaries of eq. (4.52) are 
lKbKdf bdE J E = - 4 (3 + a 2 ) G mn + (a 2 - 3) C mnp A p , 

KbKbi> a i> c = (l + b 2 ) ^"> n + C mn pq ^ q + 2aC mnp V V , 

2(3 2 rz c r n abd rr =4/5 2 (2 + d 2 ) + 4/? 2 (1 + d 2 ) c™ m rr 

+ 16(3 2 dC mnp ^ s ip p . 

We are now in a position to calculate the r.h.s. of eqs. (4.8b) and (4.8a), by using 
the relation k = —24k which follows from eq. (4.50), and the equations above. We find 

^-L^-(M A ) mn G A = Aa 2 {-4(3 + a 2 )G rnn + (a 2 - 3 + 7 )C mnp A p 

+ 4 [/3 2 (2 + d 2 ) -3k + ±b 2 ] iJ m iJ n 

+ U(3 2 {1 + d 2 ) - 12k - |/3 7 1 c mn pq ^ q 



(4.61) 



+4 [4/3 2 rf - 6A;a + i 7 /3d] C mri? W} , 



and 



A;(3A; + 5) 
A; + 3 



4a 2 



2/3 2 (4 + 3d 2 ) - 6A;(6 + a 2 ) + \b 2 - 7 



(4.62) 



The stress tensor T of the N = 7 algebra can be calculated from the OPE of the 
given supercurrents S m in eq. (4.52) along the lines of the previous subsection. Taking 
the trace in eq. (3.11) and using eq. (3.6), we find 



S m (z)S m (w) 



7k(3k + 5) 
(k + 3)(z — w) 3 ' z — w 



+ 



UT(w) + 



. QmnQmn 



3(k + 3) 



w 



(4.63) 
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Since tr(M A ) = and tr(M A M B ) = 25 AB , eqs. (4.8c) and (4.63) imply 

7T-J-: G A G A : = a 2 {^K : A h A d : -kh^S, ■ : 
k + 4 L 

+±K p h™{C™A s - 4G") : : -4iprZJ%At : : -4^^ : <W : 

+7 7 fe9i° - 4/3 2 r- c r- /g : :} , (4.64) 

where m,n, ... — 1, ... ,7, and a, b, . . . = 1, . . . , 8. 

In accordance with our definitions, we have 

h^hZ ■ A b A d := (6 + a 2 ): A m A m : +7b 2 : A°A° : , 

KbKb ■ ^ W ■= (6 + b 2 ) : V m ^ m : +7a 2 : ^ 8 9^ 8 : , 

h™h™(C pq s A s - 4G pq ) : V> c : = 12ai m : V'V : -3(C m %i p + 4G mn ) : rj) m ^ n : , 

T™ c h™A f : : = 12di m : ^"> 8 : +(a - 4)C mn p i p : : , 

r S/ r Ss : : = 12 ( 2 + rf2 ) : i/> m di/> m : +42d 2 : ^ 8 <9?/> 8 : , 

(4.65) 

and 

KbcK fg ■ V> WV> 9 : = "(2 + d 2 )C mnpq : ^"V W = "16d : ^"VW : . (4.66) 

Hence, we can rewrite eq. (4.64) as follows: 

7T - J^— : G A G A : = a 2 1(6 + a 2 ) : i m i m : +76 2 : : +7-fbdA° 

k + 4 1 

+ [l44jfe - 48/3 2 (2 + d 2 ) - b 2 ] : ^ m <9^ m : +168(A;a 2 - (3 2 d 2 ) : ^ 8 <9?/> 8 : 
-48G mn : i) m i) m : +4 [i/3(4 - a) - 3] C pmn i p : V"V n : +48 (a - i/3d)i m : V"> 8 : 

+4/5 2 (2 + d 2 )C mnpg : ij m ij n Vr ■ +Mf3 2 dC mnp : ^"W^ 8 :} • (4.67) 
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The terms bilinear or quartic in the fermionic fields ip m have to appear in the currents 
of the N = 7 algebra in a covariant form, i.e. in the GVcovariant combination 

= 4, (£ 7 ™ + \c mn pql pq ) $ = + \c mn pq rr . (4.68) 

Some related identities are given by 

G mn : ip m ^ n : = -G mn : {ipg mn ip) , 
3 



C v m n A p : i) m i) n := -iA m : (^f» : +2A m : ^ m ^ 8 : , 



(4.69) 



c mnpq : ^ m rvr ■ = \ ■ (H mn ^9 mn ^) : . 

When using these identities and eqs. (2.11) and (2.19), we arrive at the explicitly G 2 - 
covariant expression for the stress tensor, namely, 

Q 2 

^ - " : G A G A : +— {(6 + a 2 ) : A m A m : +7b 2 : : +7 7 6<9i° 



7(A; + 4) 7 
+ [UAk - 48(3 2 {2 + d 2 ) - b 2 ] : ^ m d^ m : +168{ka 2 - (3 2 d 2 ) : ^ s d^ 8 : 

+4 [(3{4 - a) + 3i] i m : : +8 [6(a - i(3d) + i/3(4 - a) - 3] A m : ^"V 8 : 

-16G"™ 1 : (^™» : -64i(3 2 d : (fty m if>)if> m i/; fi : +|/5 2 (2 + d 2 ) : (^g mn ip) 2 :} , (4.70) 

where A m , ■0 m and : (ijj^ m ip) : all transform in 7 of C?2- 

Once all the currents of the N = 7 algebra are determined, we are to consider the 
consistency conditions which follow from eq. (4.61) and (4.8c). The terms in (4.8c) that 
are symmetric and traceless with respect to (to, n) indices determine the composite field 
: GG : which should not depend on the coset currents A m . Similarly to the N = 8 case, 
it is not difficult to check that this is only possible if either 
(i) A rn ^ 0, 7 ^ and (3 = d = 0, 
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or 

(ii) A m = 0, 7 = and (3 ^ 0. 

Each case is separately considered below. 



(i). It follows from eqs. (4.61) and (4.68) that 



a 2 + 7 = 3 , ak = , b 2 + 72k = 



Therefore, in order to have a non-trivial solution (k ^ 0), we must take 



a = , 7 = 3, 6 2 = -72A; . 



(4.71) 



(4.72) 



Eqs. (4.61) and (4.62) now imply (cf. eq. (4.30)) 
G A = -\(M^ mn 2k 

and 



1 + 6A; 



{G mn + 2fc(^ m >)} , 



A;(3A; + 5) 
k + 3 



= -36a 2 (l + 6A;) . 



(4.73) 



(4.74) 



Since the relative normalisation of the G2 generators G rnn and ytpg mn ipj is the same, 
it follows from eq. (4.73) that 2k = 1, which implies k = k + 1 = 3/2, exactly as in the 
N = 8 case ! This is also consistent with the level equation associated with eq. (4.73). 
The affine currents of the N = 7 algebra now take the very simple form: 



G A (z) = --(M A ) mn [G mn + (ipg mn ip)} , 



(4.75) 



which is quite similar to the expression for the N = 8 affine currents in eq. (4.41). 
Eqs. (3.6) and (4.75) also imply 



An A 



G G 



1 



(4.76) 



. QmnQmn . +2 Q mn ; (^™V) : + : (^ mn ^) 2 : 
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The remaining coefficient values are therefore given by a = (?/12)y / 19/6 and b = i6. 
Eq. (3.12) for k = 3/2 yields cj = 89/12. The list of the N = 7 currents in this realization 
reads as follows: 

G A = - ^(M A ) mn {G rnn + ^g mn ij} , 

j F\q , ^ „ . 

S m = -\ —{C m np ^ n A p + iQ^ m A° + 3d^ m } , 

6 V 6 *- J (4 j 7 ) 

T = : [G mn + ^ m >) : - tt^j {■ A m A m : -42 : A A : +i2WA° 

84 ^ ' 7 • 12 

+ 18 : ^ m <9^ m : -16G mn : (^ m » : +12L4 m : (^7"» :} , 

where ?/> 8 = 0. It should be noted that the currents A m are anti-hermitian. This leads 
to the extra factors of % in the expressions for S m and T so as to make all the terms 
appearing in them hermitian, as required by unitarity. 

(ii). Another realization of the N = 7 algebra is possible in terms of one real boson 
and seven real fermions at the level k — 1. It corresponds to the following solution of 
the consistency equations: 

a = d = 7 = 0, b = A(3 , a 2 (3 2 = 1/24 . (4.78) 

The list of the N = 7 currents in this case of c 7 = 5 reads: 
G A = - ^(M A ) mn (fg mn ip) , 

S m = ^= fa m A° - l -C m npq rVr) , (4.79) 

T = 2 - : : ~ : ^ m d^ m : +^ : $g mn rl>)$g mn il>) : . 

It is straightforward to check the rest of the N = 7 algebra. 
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5 Conclusion 



The main results of our investigation are given in sect. 4 where we presented explicit 
realizations of the N = 7 and N = 8 non-linear superconformal algebras using coset 
space methods. The constraints of the non-linear algebras allowed very few realizations 
for each algebra in the compact CcLSCj clS well as an additional realization for the N = 8 
algebra in the non-compact case, within our general Ansatz over specific coset spaces. 
It may be possible to find other realizations by considering other more general coset 
spaces. 

Our results could be relevant for string theory in various ways. The exceptional 
superconformal symmetries may arise as hidden symmetries in certain compactifications 
of superstring theories. For example, there exist octonionic soliton solutions to the 
low-energy heterotic string theory ||7j, ^3], The octonionic soliton of ref. [17] is 



related to the Yang-Mills instanton in eight dimensions with SO (7) gauge group [[4^, 



50|j. The octonionic soliton of ref. H3[ is related to the seven- dimensional Yang-Mills 



instanton with the gauge group G2, which is a remarkable instanton in odd dimensions 
(see also ref. |H] for other examples ). The conformal field-theoretic formulations of 
these remarkable octonionic solitons of the heterotic string may involve the exceptional 
superconformal algebras. 



As was shown in ref. ]52[ , the light-cone gauge actions of various superstring theo- 
ries in the Green-Schwarz formalism have N = 8 supersymmetry. Since they are also 
conformally invariant, this implies that they must be invariant under some N = 8 super- 
symmetric extension of the Virasoro algebra. Later, the Green-Schwarz superstring was 



shown to have the N = 8 soft algebra [12|, |1^, [14], as part of its constraint algebra 



Whether the Green-Schwarz superstring action has a hidden non-linear N = 8 01 N = 7 
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super symmetry of the type investigated above is an interesting open problem. 

A compactification of eleven-dimensional supergravity on the 7-sphere S 7 is known 
to give N = 8 supergravity in four dimensions, with the SO (8) gauge invariance p3| , |5l 



Similarly, the cosets S 7 x S 1 or S 7 x S 1 x S 1 could be used to compactify the eleven- 
dimensional supergravity down to three or two dimensions. Recently, it has been realized 
that an S^-compactified eleven-dimensional supergravity appears to be the low-energy 
effective field theory of the strongly coupled type-IIA superstring which, in turn, is 
related to the S^-compactified eleven-dimensional supermembrane [55, 56|| . In general, 



massless non-Abelian gauge fields do not arise as Kaluza-Klein modes in consistent string 
compactifications. It is however possible that the 11-dimensional M-theory may have 
consistent compactification over manifolds with non-trivial isometry groups such as the 
seven-sphere. If that is the case, then the N = 8 and N = 7 superconformal algebras 
may be the hidden symmetries of compactifications involving the seven-sphere. 

Interestingly enough, there exist Ricci-flat seven- and eight-dimensional compact 
manifolds with the holonomy groups G2 and Spin(7), respectively |)7|]. Both the ten- 
dimensional superstrings and the eleven-dimensional supergravity compactified down to 
two and three dimensions ( and three and four dimensions) on such manifolds have 



the minimal number (one) of supersymmetries in the corresponding dimension |5^, |59 
Whether or not the exceptional superconformal algebras can be related to these con- 
structions remains to be investigated. 

Having obtained the unitary realizations of the exceptional superconformal algebras 
with the central charges c = 26/5 and c = 5, one can use them to represent the N = and 
N = 1 superconformal matter. Then, by 'tensoring' five conformal matter models of c = 
26/5 and adding the conformal ghosts (b, c), one gets an anomaly-free string model (c g h = 
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—26). Similarly, by 'tensoring' three superconformal matter models of c = 5 and adding 
both the conformal and superconformal ghosts (b,c) and 7), one gets an anomaly- 
free superstring model (c g h = —26 + 11 = —15). Thus the exceptional superconformal 
algebras may describe 'exceptional' compactifications of existing superstring theories 
and underlie some novel 'exceptional' strings and superstrings ! 
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Appendix A: Identities for the octonionic structure 
constants C mnp and C mnpq 

The identities collected below follow from the definitions of tensors C mnp and C mnpq 
in subsect. 2.1. We find (cf refs. ETI, I4TJ) 



£tp £jmn g gp £trnnp £tmnp ^2 

[mnC^ p ] = — 2C^*[ m)1 <5 p j , (^-l) 

C P m kC q kn = 2^ Pq ' kCknm ~ \C VC> ' mn + <J (^m^n ^m^n) ~ ^^mn j 

^mnkl^ p ^ ^mnp 1 

nfk /~tks r~ik s~iks /~ik /~iks 

•^ t ~ / [mn^ y pq] ^ [mn ( - y p]q ^ g^rra*- 7 np] 1 

Ck[s /~it]k _ s~i\t £ s ] 
[m^- y np] ^ [raii"pj > 



[m'~ y np] ^mnp" [mn"p] [mn"p] 1 

C k [mnC Pq s ]k= 4C^[ mn 5^| , 

(~i rikpqs _ aniPl, A s l 

{ ~'mnk { ~' — m°„l ; 



^ [mn^ pq] ^^[mnp^q] 1 



C\rnnp$q] C[mnp^ s ] [ mn ^p] 



and 



C mnpfe C fc<zst = 9 Cl« V$ + 6 , 

C m npqC' Pq s t 2 C m nst 4 i&rns&nt &mt$ns) 1 

C'mkpqC'nkpq 24 5 mn , 
*- y [mn*- 7 pq] ^mnpq [mn*-^ pg] T ^^[mnp "q] T ^^[mnp "q] • 



(A.2) 



(A3) 
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Appendix B: iV=8 super symmetry algebra 

In this appendix, the N=8 supersymmetry algebra of eq. (3.4) is written down 
in a more explicit form, after using the decomposition 8 = 1 + 7 for the SO (7) spinors 
S a = (S m , S 8 ), and substituting the gamma matrices in terms of the octonionic structure 
constants, as in sect. 2. We find 



S 8 (z)S 8 (w) 



8k(k + 2) 



3(k + 4) (z-w) 3 

1 1 
~ 3(k + 4) (z - w) 
8k(k + 2) 1 



+ 



2T(w) 



z — w 



j. jmjm . + ^c mnpq : T mn T pq :} (w) 



+ 



+ 



2T(w) 

3(k + 4) (z — w) 3 ' z — w 
1 1 



(5.1) 



S m (z)S m (w) 



(k + 4) (z -w 

8k(k + 2) 



{J : A P A P : -\ : T pq T pq :} (w) , 



no sum over m 



+ 



2T(w) 



3(A; + 4) (z-wf z-w 3(k + 4) (z - w) 
x {: T pq T pq : +\C rspq : T rs T pq : +2C mnp9 : T pq T nm :} (w) 



8A;(A; + 2) 



3(& + 4) (2-w) 3 



+ 



2T(w) 



z — w 



+ 
+ 



(k + 4)(z- w) 
8 1 



S m (z)S 8 (w) 



9(k + 4) (z-w) 

M(k + 2) 
3(k + 4) pq 



{J : A P A P : - J : T pq T pq :} (w) 
{C mp9 : A q T pm : -2 : G m9 T 9m :} (w) 



T pq (w) l dT pq (w) 



(z — w)' 



+ 



z — w 



(B.2) 



+ 



1 : T pq T nm : (w) 

3(k + 4) npq (z~^w) 



iA(k + 2) 
3(k + 4) 



A m (w) x dA m (w) 
(z - w) 2 2 (z-w) 



[B.3) 



+ 



2 : A p T pm : (w) 
3(A; + 4) z-w 
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and 



S m (z)S n (w) 



^ n i2{k + 2) 
3(fc + 4) 
1 



C mn pq + 25™5% 



Tpi(w) idTPi(w) 
+ T 



(z — wy 



z — w 



[C ms pq : T pq T sn : +C ns m : T pq T sm :] (w) 



3(k + 4) (z-w) 

iA{k + 2) ( 8G mn {w) - C mn p A p {w) AdG mn (w) - \C mn p dA p {w) 



9(A; + 4) 
4 



(z — wy 



z — w 



[2 : G ms T sn : (w) + 2 : G ns T sm : (w) 



9(fc + 4) (z-w) 
-C rns p : A p T sn : (iu) - C ns p : A p T sm : (iu)] , 



(S.4) 



where we have extensively used the identities from Appendix A. Note also that in this 
appendix the quantity A m represents 2C rn np T np . 
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